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This 30 minute section of the Math Tutorial is about working with Rotations when developing your 3D
simulation or video game.
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Human Brain is wired for Spatial Computation

GDC

Which shape
iIs the same:

al} b)@» C) %

"I don’t need to ask A childhood IQ test question
for directions”
Translations Rotations
Nobody here should be intimidated by this subject matter. Even if you have math -a-phobia, your brain is
designed to do spatial computation.
After randomly wondering around the jungle al/l day | ooking

back to the cave. East two blocks, south a block, west two blocks. Obviously 1 block north gets us back.

Rotations too...

None of us would be here in this auditorium today if we d i d ralbhaive the natural ability to recognize a wild
Tiger from any viewpoint. (BTW powerful computers with the best comp vision algs still struggle with this.) 1
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Agenda

o Rotations and Matrices (hopefully review)
« Combining Rotations

o Matrix and Axis Angle

« Challenges of deep Space (of Rotations)
e Quaternions

o Applications

Herebs Todaydéds Menu.
Lots to cover in 30 minutes. So pace may be fast for some.

This subject is worth mastering. Hopefully, we 6 | | get everybody up to speedoutsfo vy
Ginods I K talk this afternoon.
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Terminology Clarification

Preferred usages of various terms:

= lgsr= lhguaee—

Object Pose Position (point) Orientation
A change in Pose Translation (vector) Rotation
Rate of change Linear Velocity Spin

also: Direction specifies 2 DOF, Orientation specifies all 3 angular DOF.

First | etds get some definitions out of the wayé

For linear motion, t he distinction between position, translation, and velocity is very clear. For angular
motion , orientation typically refers to how an object is facing, rotation is a change in orientation or moving

something around an axis, and spin is the rate of change. Admittedly this distinction can get fuzzy . An
orientation is ultimately a rotation relative to some reference frame. Furthermore, orientation and rotation

are both implemented with the same structures and functions.
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Rotations Trickier than Translations

Translations Rotations
L Wikeof Wi’ L=
RS R
0 O o of
=~ ', ¢ DSE‘; L> - 4'
O ¢ -
O oo
athenb == bthena X theny != vythenx
(non-commutative)

e Programming with rotations also more challenging!

Translations are easy and obvious. Vector operations are just  grade -school -arithmetic, but on  groups of 2 or

3 at a time.

Rotations can be more confusi ngrl itsjuktthe nature of hom ¢hings avarka Far c s 6 f a u
example, if you rotate an object 90 degrees around the X axis, then 90 degrees on Y, the object ends up ina
different orientation than had you rotated first on Y, then on X. Not surprisingly,  implementing rotations will

need to correctly handle all of this weirdness.
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2D Rotation 6

Rotate ®[1 0] by 6 about origin

1,1

@[ cos(B) sin(8) ]

Lets start in 2D. Using some High School mat h now é

If we have a point that starts out along the x axis a short ways, more specifically at [1,0], and then we rotate
it by an angle (theta) ccw about the origin, its X,y position will be  cos,sin .
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2D Rotation 6

o £
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) Rotate @ [0 1] by 6 about origin

O [-sin(B) cos(0)]

Similarly, if we rotate another point a short ways up the Y axis 0,1,

its X,y position will end up at I sin,cos .




CAME DEVELOPERS CONFERENCE" 2014 MARCH 17-21, 2014 GODCONF.COM

2D Rotation ~ ™ of an arbitrary point ®
Rotate @ about origin by 6

@ =cosO /+sin8

.
At 9p° t0 Qu

What about an arbitrary point?
We know it will  also follow a circular path around the origin.
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2D Rotation of an arbitrary point «—

) Rotateom about origin by 6

= N\i
\

An arbitrary point is a linear combination of an x and a y.
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2D Rotation of an arbitrary point «—,
Rotateom about origin by 6

ﬂ =’x”cos@

b Lx sin 6
0] [—ysin O

T kA —| Cose] OH Rl

We already know how to rotate things along the x and y axis. The final rotated point is the combination of
the rotated axis aligned components.

—vsinB
cos B
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2D Rotation of an arbitrary point «—

—1 Rotateom about origin by 8
X
O"”\\l - x' = xcosB — ysinB

= xsinB + v cosB

Herebs the equations for the new x and y positions for

a

P

10
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2D Rotation Matrix

—4 Rotatetm about origin by 8
X,
G”'m\\l x' = xcosO — ysinB
© = xsin® + vcosH
< = > > x| _[cos® —sinB][X
. | O[ —[sine COSG][]
- 1| |
Matrix [COSG —8in 9] is rotation by 6
sin@ cos©

e

Put both equations together in a box and we have a matrix that describes the rotation.

11
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2D Orientation
4—\\ ‘ellow grid placed over

first grid but at angle of 6

4

[COS O —sin ()]
sin © cos 6

o

Columns of the matrix are

the directions of the axes.

Matrix is yellow grid’s Orientation

Lets now place some yellow graph paper on top of the first one. The origins line up, but this new grid is

rotated by theta.
The columns of our rotation matrix describe the directions of the x and y axes of the yellow grid according to
the original one. In other words, this matrix specifies the orientation of the yellow graph paper.

12
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2D Passive Transformation

SN\

cos® —sinB

Basls: [sin O cosH

= [5in g _cgis,nee]

- /.' (note: exact same math as before)

both same point but

In different reference frames

Given a point in a reference frame (such as a local coordinate system), we often want to know where that
point would be in another reference frame (perhaps world coordinates).

Wedre not actwually rotating the point. This iIs the notion
savings time is not the same thing as time travel.

The math is the same. Given a point xyin the yellow reference frame, we mul
orientation matrix to determine its coordinates in the blue reference frame.

13
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3D Rotation around Z axis

Z axis

x' cos® —sinB O0]rx
O =|sin® cos® O
7' 0 0 11tz

Lets now move into the 3D world by adding a row and a column to the matrix.
We still have a rotation on the XY plane i or, equivalently, about the Z axis.

14
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Can Rotate around X and Y too

x' 1 0

[] lcos@
—sin 9 0

0 X
O =10 cos® —sinH [ ‘
7 0 sin® cos6

sin0] rx
o |l

cos 1Lz

Rearranging rows and columns in the obvious way, its possible to rotate around X or Y instead.

15
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Rotating Objects (changing orientation)
0 0 1 1 0 0 0 -1 O
[o : 0‘ [O ) ] [ ; o}
Rotations: —1. 0 0 01 0 0 0 1
o.90°onY o .90°onX _ ‘90°onZ.. 4
E_ |y . OOOf (> ® ¢ 7
" sna) m/ 23 s 0
Orientations: [1 0 0] 0 0 1 D 06 1 =1 0 0
0 1 0 [O 1 0] [1 0 O‘ {0 0 1]
0 0 1 -1 0 0 T 0 1 0
Matrices used for both rotations and orientations

Matrix multiplication works for more than just points. We can rotate entire objects i 1.e. change their
orientation.

Here we see a dice in 4 different states and the transitions that take it from state to state. Notice that
Matrices are used both  to describe the rotations as well as the orientations. For orientations, the 3 columns
will indicate where sides 1,2,3 of the dice are pointing

(the next few slides will show how we apply the rotations, and later the quaternions mentioned at the bottom will be explained)

16
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Row vs Column Conventions

OpenGL and most math books use column vectors:
vV =Mv=BAv

Some engines, APIs (DirectX) use row convention:
vi=vMT =vATBT

All the same.

And now, a brief interruption to discuss notation. You may see different conventions in practice.  Opengl ,
Math textbooks, and many libraries will use column vectors, usually multiplied on the right hand side of a
matrix (but not always). In contrast, some APIs, most notably DirectX, uses row vectors with the opposite

multiplication order.

Thereds no fundament al di fference between the two. Mat hem
using the column style today.

17
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Combining Rotations

18
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Combine a sequence of Rotations A,B,...

Rotate v by A, then B, then C...
=C(B(Av))

Mathematically we know
C(B(Av))==(CBA)vV
So with matrix-matrix multiplication let:
R=CBA

R is a single rotation that is the same as rotating
by A, then by B then C.

After rotating a point v, thereds no requi r e meThdrestliteaan e nultiplied hyeanother

rotation, and so on.

Or é

We can multiply the matrices first, producing a new single matrix, also a rotation matrix, that will transform

things the same way as the entire sequence.

19
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Multiplication Order: top of page
Y

\(/)V 90° on 90° on ’ o
World Y “World” X x° right side

i OQaQe’zM x of page

L

D Aworta Bworia World Coordinate Frame

l. ¢ . EJDET" f 0 /

L a f
“a ¢ oo g m’ Y

S

é—) Algcal Bloocal .' g 3 X

= 90° on 90° on /.

A Local Y “Local” Z P

L (diee side 2)  (Glceiside 3) Dice Coordinate Frame

You may have noticed that the order of the multiplication operands was going right to left in the previous

slide. That is because we were thinking from our point of view: x to the right, y to the top, and z coming out
of the page.

Consider the rotations from the objectbés frame oXKyzr lmfiser enc
Now look at our rotation sequence to the left. The reference frames start out the same (i.e. aligned), but

after the first rotation (A$otwhitlbese hihe | sagemdtmMBO ca@ ed,egr
its on the Z axis of the Dice.

20
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Multiplication Order: Math Equations

\(/)V 90° on 90° on =2 =
“w r” = @
. World Y World” X E> s Y =—f> x *xm_"y
m’ O
L
D Aworld Bworld dicenew = Bworld % Aworld * dice

-'. y O, — ET"' —Fé s "
m)y  Doo +» m/

' -4
s =0 W x L x

Aiocal B ocai E:> m/ “u

90° on 90° on i . A B
Local Y “Local” Z LCEpew = ALCE * Ajpcql * Diocal

(dice side 2) (dice side 3)

=30

Both produce: 120° on[1 1 1

When applying a rotation based on the local perspective you multiply it on the right hand side of the initial
orientation instead of on the left. In other words, the sequence is reversed.

Whether using local or global perspective to roll the dice, you end up with the same result.
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Example When to use Local frame

o Player “pulls up” on
flight stick. A
e Pitch upward about
object wing (x) axis.
e World x irrelevant |:>

e Multiply rotation (about
x) on the right hand Math: 2 B
side

2

Sidenote: a point doesn’t have an _ . - :
orientation, so don’t do this for points. climbing _ cruiseing " pitch_up

orientation orientation rotation

Its up to you, the developer, to understand the context in order to determine how rotations should be

combined. For example, if you are creating an airplane simulation and you are writing code to deal with the

player yanking back on the flight stick. Then you will want to pitch the plane upward about an axis that

extends from wingtip to wingtip. Lets assume this the x a
where the worldbs x axis happens to be. S0 madroorel manmatrixx a | |
on the right hand side of our current plane orientation to get our new climbing orientation.

22



A guestion asking how to go from A to B could mean different things depending on the context.

If you have something with orientation A that you want to move into orientation B, then you want to undo the A and apply B. Mat hematically, this is B times

inverse of A.

Alternatively, if its seeing a vector from Abs perspective and wondering how it | oo kansfdrmmiotrout B ,f tAhdesn ryed e rveanncte tf ¢
put it into B. So thatodés inverse of B times A.

The difficulty people sometimeshave when wor king with rotations isnét i mple
Those functions are already in the math library you use T and they work. The challenge is knowing: what

to multiply, in what order, and when to invert.
23



